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FROBENIUS NILHECKE ALGEBRAS
ALISTAIR SAVAGE AND JOHN STUART
Abstract. To any Frobenius superalgebra A we associate towers of Frobenius nilCoxeter algebras
and Frobenius nilHecke algebras. These act naturally, via Frobeinus divided difference operators,
on Frobenius polynomial algebras. When A is the ground ring, our algebras recover the classical
nilCoxeter and nilHecke algebras. When A is the two-dimensional Clifford algebra, they are Morita
equivalent to the odd nilCoxeter and odd nilHecke algebras.
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1. Introduction
NilHecke algebras play an important role in representation theory, geometry, and categorification.
In particular, they appear as algebras of divided difference operators on polynomial rings, as algebras
of push-pull operators on the cohomology of the flag variety, and as the simplest case of the quiver
Hecke algebras categorifying quantized enveloping algebras.
Loosely speaking, nilHecke algebras are “nil” versions of affine Hecke algebras. Recently, affine
Hecke algebras and their degenerate analogues have been generalized in [RS20, Sav20] by incorpo-
rating a Frobenius superalgebra A in such a way that when A is the ground ring k, one recovers the
classical constructions. This general approach allows one to simultaneously handle many variants
of (degenerate) affine Hecke algebras, since they occur as special cases of the general construction.
Examples include wreath Hecke algebras, affine Sergeev algebras, affine Yokonuma–Hecke algebras,
and affine zigzag algebras.
The goal of the current paper is to continue the program of “Frobenization” by defining an
analogous Frobenius superalgebra generalization of nilHecke algebras. Precisely, to every Frobenius
superalgebra A and positive integer n, we associate a Frobenius nilCoxeter algebra nilCoxn(A)
and a Frobenius nilHecke algebra nilHecken(A). When A is the ground ring k, these recover the
classical nilCoxeter and nilHecke algebras. When A is the rank two Clifford algebra, they are Morita
equivalent to the odd nilCoxeter and odd nilHecke algebras of [EKL14]. (The lattter also appeared
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as special cases of the quiver Hecke superalgebras introduced in [KKT16].) When A is the group
algebra of a finite cyclic group, nilHecken(A) is the nil Yokonuma–Hecke algebra. For other choices
of A, including the important cases of zigzag algebras and group algebras of arbitrary finite groups,
the Frobenius nilCoxeter algebra and the Frobenius nilHecke algebra do not seem to have appeared
before in the literature.
Just as the classical nilHecke algebra acts on the polynomial ring k[x1, . . . , xn] via divided differ-
ence operators (also called Demazure operators), the more general Frobenius nilHecke algebra acts
on the Frobenius polynomial algebra Poln(A) via Frobenius divided difference operators. In fact, we
will see (Theorem 6.4) that we have an isomorphism of k-modules
nilHecken(A) ∼= Poln(A)⊗ nilCoxn(k),
with the two factors on the right being subalgebras. (Recall that nilCoxn(k) is the usual nilCoxeter
algebra.)
Since the Frobenius nilCoxeter and Frobenius nilHecke algebras form towers of superalgebras,
we use the theory of strict monoidal supercategories to give an efficient presentation of the entire
tower all at once. In particular, we define strict monoidal k-linear supercategories nilCox (A) and
nilHecke(A) whose endomorphism algebras are the superalgebras nilCoxn(A) and nilHecken(A). We
then deduce presentations of these as superalgebras.
Throughout the paper we make the assumption that the Frobenius superalgebra A is symmetric
since this greatly simplifies the exposition and holds in all of our examples of interest. Here it is
important that we allow for odd trace maps, since the Clifford superlagebra is only symmetric with
its odd trace map. In Section 8 we outline the changes that need to be made in the definitions in
order to handle the more general case where A is not necessarily symmetric.
We expect that further study of the algebras introduced in the current paper should lead to
natural generalizations of existing results. In particular, it would be interesting to study cyclotomic
quotients, connections to geometry of flag varieties, and relations to categorification of quantized
enveloping algebras.
Acknowledgements. This research of A. Savage was supported by Discovery Grant RGPIN-2017-
03854 from the Natural Sciences and Engineering Research Council of Canada (NSERC). J. Stuart
was also supported by this Discovery Grant and an NSERC Undergraduate Student Research Award.
2. Monoidal supercategories and towers of algebras
Throughout the paper, we fix a commutative ground ring k. All tensor products are over k unless
otherwise specified. All superalgebras are associative superalgebras over k and all (super)categories
are k-linear. For a homogeneous element a in a vector superspace, we let a¯ ∈ Z2 denote its parity.
When we write an equation involving parities of elements, we implicity assume these elements are
homogeneous; we then extend by linearity.
For superalgebras A = A0¯ ⊕ A1¯ and B = B0¯ ⊕ B1¯, multiplication in the superalgebra A ⊗ B is
defined by
(2.1) (a′ ⊗ b)(a⊗ b′) = (−1)a¯b¯a′a⊗ bb′
for homogeneous a, a′ ∈ A, b, b′ ∈ B.
Throughout this paper we will work with strict monoidal supercategories, in the sense of [BE17].
We refer the reader to [BSW20, §2] for a summary of this topic well adapted to the current work,
or to [BE17] for a thorough treatment. We summarize here a few crucial properties that play an
important role in the present paper.
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A supercategory means a category enriched in the category of vector superspaces with parity-
preserving morphisms. Thus, its morphism spaces are vector superspaces and composition is parity-
preserving. In a strict monoidal supercategory, morphisms satisfy the super interchange law :
(2.2) (f ′ ⊗ g) ◦ (f ⊗ g′) = (−1)f¯ g¯(f ′ ◦ f)⊗ (g ◦ g′).
We denote the unit object by 1 and the identity morphism of an object X by 1X . We will use
the usual calculus of string diagrams, representing the horizontal composition f ⊗ g (resp. vertical
composition f ◦ g) of morphisms f and g diagrammatically by drawing f to the left of g (resp.
drawing f above g). Care is needed with horizontal levels in such diagrams due to the signs arising
from the super interchange law:
(2.3) f g = f g = (−1)
f¯ g¯
f
g
.
In fact, all of the categories we consider in the current paper will be strict monoidal supercate-
gories generated by a single object I. The domain and codomain of a string diagram can then be
read from the number of strands at the bottom and top, respectively, of the diagram. For example,
: I⊗2 → I⊗2 and : I→ I.
(In fact, all of our generating morphisms will be endomorphisms, having the same domain and
codomain.) For this reason, we will often omit the domain and codomain when introducing the
generating morphisms of a category. When numbering strands, we will always number from right
to left.
A strict monoidal supercategory C with one generating object I gives rise to a tower of algebras
EndC(I
⊗n), n ∈ N.
We use this idea to introduce various families of algebras in an extremely efficient way, giving a
presentation of C with a small number of generating morphisms and relations. If we then wish to
have a presentation of the endomorphism algebras of C as superalgebras, we use the following result.
Proposition 2.1. Suppose C is a strict monoidal supercategory with one generating object I and
generating morphisms fi ∈ EndC(I
⊗ni), i ∈ I, subject to the relations Rj ∈ EndC(I
⊗mj ), j ∈ J .
Then EndC(I
⊗n) is generated as an algebra by the elements
1n−ni−k
1
⊗ fi ⊗ 1
k
1
, i ∈ I, 0 ≤ k ≤ n− ni,
subject to the relations
(2.4) 1
n−mj−k
1
⊗Rj ⊗ 1
k
1
, j ∈ J, 0 ≤ k ≤ n−mj,
and the relations
(2.5)
(
1⊗k1
1
⊗ fi ⊗ 1
⊗k2
)(
1⊗l1
1
⊗ fj ⊗ 1
⊗l2
)
− (−1)fifj
(
1⊗l1
1
⊗ fj ⊗ 1
⊗l2
)(
1⊗k1
1
⊗ fi ⊗ 1
⊗k2
)
for i, j ∈ I, k1 + ni + k2 = n = l1 + nj + l2, k2 ≥ nj + l2.
Proof. This follows from Theorems 5.2 and 5.4 of [Liu18]. Note that the relations (2.5) correspond
to the super interchange law. 
Note that the assumptions in Proposition 2.1 are quite strong: all generating morphisms and
relations are endomorphisms. All of our categories will have this property.
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3. Frobenius superalgebras
We fix a symmetric Frobenius superalegbra A with trace map tr : A→ k of parity ε. By definition,
this means that tr is a homogeneous k-linear map of parity ε satisfying
(3.1) tr(ab) = (−1)a¯b¯ tr(ba), a, b ∈ A,
and A has a basis BA with a dual basis B
∨
A = {b
∨ : b ∈ BA} satisfying
(3.2) tr(a∨b) = δa,b, a, b ∈ BA.
It follows that
(3.3)
∑
b∈BA
tr(b∨a)b = a =
∑
b∈BA
tr(ab)b∨, a ∈ A.
Note that b¯+b∨ = ε. By abuse of notation, we will often refer to A itself as a Frobenius superalgebra,
leaving the trace map tr implicit.
Examples 3.1. It may be useful for the reader to keep in mind the following important examples
of Frobenius superalgebras:
(a) A = k with tr = id;
(b) A = Cl, the rank two Clifford superalgebra, with odd trace map (see Section 7);
(c) A = kG, the group algebra of a finite group G, with trace map given by projection onto the
identity element of G;
(d) A a zigzag algebra in the sense of [HK01].
The symmetric group Sn acts on A
⊗n by superpermutations. In particular, the simple transpo-
sition si acts by
(3.4) si(an ⊗ · · · ⊗ a1) = (−1)
a¯i a¯i+1an ⊗ · · · ⊗ ai+2 ⊗ ai ⊗ ai+1 ⊗ ai−1 ⊗ · · · an, a1, . . . , an ∈ A,
extended by linearity. Note that here, and throughout the paper, we number factors from right to
left.
Define
(3.5) τ :=
∑
b∈BA
(−1)εb¯b⊗ b∨ ∈ A⊗2.
The element τ has parity ε and is independent of the chosen basis BA.
Lemma 3.2. We have
(b∨)∨ = (−1)b¯+εb¯b, b ∈ BA,(3.6)
aτ = (−1)εa¯τs1(a), a ∈ A
⊗2.(3.7)
Proof. The equation (3.6) follows immediately from (3.2). To prove (3.7), it suffices to consider a
of the form a⊗ 1 and 1⊗ a, a ∈ A. We compute
(a⊗ 1)τ
(3.3)
=
∑
b,c∈BA
(−1)εb¯ tr(c∨ab)c⊗ b∨ =
∑
b,c∈BA
(−1)ε(a¯+c¯)c⊗ tr(c∨ab)b∨
(3.3)
= (−1)εa¯τ(1⊗ a),
where, in the second equality, we used the fact that tr(c∨ab) = 0 unless c¯+ a¯+ b¯ = 0¯. Similarly,
(1⊗ a)τ
(3.3)
=
∑
b,c∈BA
(−1)εb¯+a¯b¯b⊗ tr(ab∨c)c∨
(3.1)
=
∑
b,c∈BA
(−1)εc¯+a¯c¯ tr(b∨ca)b⊗ c∨
(3.3)
= (−1)εa¯τ(a⊗ 1).

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Definition 3.3. The Frobenius tower category tower (A) is the strict monoidal supercategory with
one generating object I, generating morphisms (called tokens)
a , a ∈ A,
and relations
(3.8) 1 = , λ a + µ b = λa+µb ,
b
a = ab , a, b ∈ A, λ, µ ∈ k.
We declare the parity of a to be the same as that of a.
Note that relations (3.8) are precisely the relations we need in order to have a homomorphism
of superalegbras
(3.9) A→ Endtower (A)(I), a 7→ a , a ∈ A.
In fact, tower (A) is the free monoidal supercategory generated by an object with endomorphism
superalgebra A. It follows from Proposition 2.1 that we have an isomorphism
(3.10) A⊗n
∼=
−→ Endtower (A)(I
⊗n),
sending 1⊗(n−i) ⊗ a⊗ 1⊗(i−1), a ∈ A, to a token labeled a on the i-th strand. As always, we label
strands from right to left.
Following [BSW20, §4], we introduce the teleporters
(3.11) :=
∑
b∈BA
(−1)εb¯ b b∨ =
∑
b∈BA
(−1)εb¯ b
b∨
= (−1)ε
∑
b∈BA
(−1)εb¯
b∨
b ,
where, in the last equality, we used (3.6) and changed basis in the sum. The teleporter is independent
of the chosen basis BA and has parity ε. It is the element of tower (A) corresponding to τ (see (3.5))
under the isomorphism of (3.10). It follows from (3.7) that tokens can “teleport” across teleporters
(justifying the terminology) in the sense that, for a ∈ A, we have
(3.12)
a
= (−1)εa¯
a
,
a
= (−1)εa¯
a
.
4. Frobenius nilCoxeter algebras
In this section we introduce the tower of Frobenius nilCoxeter algebras.
Definition 4.1. The Frobenius nilCoxeter category nilCox (A) is the strict monoidal supercategory
with one generating object I and generating morphisms
, a , a ∈ A,
subject to the relations (3.8) and
(4.1) = 0 , = ,
a
=
a
,
a
=
a
.
We refer to the generator as a crossing and declare it to be even. The parity of the token a is
the same as the parity of a. For n ∈ N, we define the Frobenius nilCoxeter algebra
nilCoxn(A) := EndnilCox (A)(I
⊗n).
6 ALISTAIR SAVAGE AND JOHN STUART
Proposition 4.2. As a superalgebra, nilCoxn(A) is isomorphic to the free product of A
⊗n and the
free associative superalgebra on even generators u1, . . . , un−1, subject to the relations
u2i = 0, 1 ≤ i ≤ n− 1,(4.2)
uiuj = ujui, |i− j| > 1,(4.3)
uiui+1ui = ui+1uiui+1, 1 ≤ i ≤ n− 2,(4.4)
uia = si(a)ui, 1 ≤ i ≤ n− 1, a ∈ A
⊗n.(4.5)
Under this isomorphism, ui corresponds to the crossing of strands i and i + 1, while 1
⊗(n−i) ⊗ a⊗
1⊗(i−1) corresponds to a token labeled a on strand i. As usual, we number strands from right to left.
Proof. This follows from Proposition 2.1. 
In what follows, we will identify nilCoxn(A) with the algebra presented as in Proposition 4.2.
Remark 4.3. Note that, in fact, the definition of nilCox (A), and hence nilCoxn(A), only involves
the superalgebra structure on A, and not the trace map. Thus these are defined for any superalgebra
A. The trace map will be important later.
For w ∈ Sn, define
uw := ui1ui2 · · · uik ,
where w = si1si2 · · · sik is a reduced expression for w. By (4.3) and (4.4), the element uw is
independent of the choice of reduced expression.
When A = k, the algebra nilCoxn(k) is purely even and is the usual nilCoxeter algebra. It is
well known that nilCoxn(k) has basis given by the uw, w ∈ Sn, with multiplication given by
uwuv =
{
uwv if ℓ(wv) = ℓ(w) + ℓ(v),
0 otherwise,
where ℓ(w) is the length of the element w ∈ Sn. For general A, we have an isomorphism of
k-modules
(4.6) nilCoxn(A) ∼= A
⊗n ⊗ nilCoxn(k),
and the two factors are subalgebras.
5. Frobenius nilHecke algebras
We now introduce the tower of Frobenius nilHecke algebras.
Definition 5.1. The Frobenius nilHecke category nilHecke(A) is the strict monoidal supercategory
with one generating object I and generating morpisms
, , a , a ∈ A,
subject to the relations (3.8), (4.1), and
(5.1) − = , − = (−1)ε , a = (−1)εa¯ a , a ∈ A.
We refer to the generator as a dot and declare it to be of parity ε. The crossings are even and the
parity of the token a is the parity of a. For n ∈ N, we define the Frobenius nilHecke algebra
nilHecken(A) := EndnilHecke(A)(I
⊗n).
For 1 ≤ i ≤ n− 1, define
(5.2) τi := 1
⊗(n−i−1) ⊗ τ ⊗ 1⊗(i−1) ∈ A⊗n,
where τ is defined as in (3.5).
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Proposition 5.2. As a superalgebra, nilHecken(A) is isomorphic to the free product of nilCox (A)
and the free associative superalgebra on generators x1, . . . , xn of parity ε, subject to the relations
xixj = (−1)
εxjxi, i 6= j,(5.3)
axi = (−1)
εa¯xia, a ∈ A
⊗n, 1 ≤ i ≤ n,(5.4)
xjui = uixj , j /∈ {i, i + 1},(5.5)
uixi+1 = xiui + τi, 1 ≤ i ≤ n− 1,(5.6)
xi+1ui = uixi + (−1)
ετi, 1 ≤ i ≤ n− 1.(5.7)
Proof. This follows from Proposition 2.1. 
We will give an explicit basis of nilHecken(A) in the next section (Corollary 6.5) after we describe
a natural action on the Frobenius polynomial algebra.
Examples 5.3. (a) When A = k, we have τi = 1, for all 1 ≤ i ≤ n − 1, and ε = 0¯. It follows
that nilHecken(k), which is purely even, is the usual nilHecke algebra.
(b) WhenA = Cl is the rank two Clifford superalgebra, we will see in Section 7 that nilHecken(Cl)
is Morita equivalent to the odd nilHecke algebra of [EKL14].
(c) When A is the group algebra of a finite cyclic group, nilHecken(A) is the nil Yokonuma–Hecke
algebra; see [Cui16, §3].
Proposition 5.4. Up to isomorphism, the category nilHecke(A) depends only on the underlying
superalgebra A, and not on the trace map. Hence the same is true of the algebras nilHecken(A).
Proof. Let tr1 and tr2 be two trace maps on A. Then there exists a homogeneous invertible element
u ∈ A such that tr2(a) = tr1(au) for all a ∈ A. (For a proof of this fact in the setting of superal-
gebras, see [PS16, Prop. 3.4].) Then it is straightforward to verify that we have an isomorphism of
strict monoidal supercategories
(5.8) nilHecke(A, tr1)→ nilHecke(A, tr2), 7→ , 7→ (−1)
u¯
u , a 7→ a , a ∈ A.
For the usual nilHecke algebra (i.e. A = k), one often considers the grading given by declaring
the xi to be of degree 2 and the ui to be of degree −2. This can be generalized to the setting of
Frobenius nilHecke algebras as follows. Suppose that A is a Z-graded Frobenius superalgebra and
that the trace map is homogeneous of Z-degree −d and parity ε. It follows that τ has Z-degree d.
Then nilHecke(A) is a strict graded monoidal supercategory where we define the Z-degrees of the
generators to be
(5.9) deg( ) = d− 2, deg( ) = d+ 2, deg( a ) = deg(a), a ∈ A.
It follows that the Frobenius nilHecke algebras nilHecken(A) are Z-graded, with
(5.10) deg(ui) = d− 2, deg(xj) = d+ 2,
and where the degree of a, considered an element of nilHecken(A), is the same as its degree as an
element of A⊗n.
There are two symmetries of nilHecke(A) that induce symmetries of the Frobenius nilHecke
algebras. First, we have an isomorphism of monoidal supercategories
(5.11) Ω↔ : nilHecke(A)→ nilHecke(A)
rev, 7→ − , 7→ , a 7→ a , a ∈ A.
Here nilHecke(A)rev denotes the reversed supercategory, with the same objects, morphisms f rev : X →
Y for f ∈ HomnilHecke(A)(X,Y ) (and the map f 7→ f
rev is k-linear), composition f rev◦grev = (f◦g)rev,
and tensor product f rev ⊗ grev = (g ⊗ f)rev. On a string diagram representing a morphism in
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nilHecke(A), Ω↔ is given by reflecting diagrams in a vertical line and multiplying by (−1)
k, where
k is the number of crossings in the diagram. This functor induces isomorphisms of superalgebras
(5.12) ω↔ : nilHecken(A)→ nilHecken(A), ui 7→ −un−i, xi 7→ xn+1−i, a 7→ π(a),
where π is the longest element of Sn.
The second symmetry of nilHecke(A) is the isomorphism of monoidal supercategories
(5.13) Ωl : nilHecke(A)→ nilHecke(A)
op, 7→ (−1)ε , 7→ , a 7→ a , a ∈ A.
Here nilHecke(A)op denotes the opposite supercategory, with the same objects, morphisms fop : Y →
X for f ∈ HomnilHecke(A)(X,Y ) (and the map f 7→ f
op is k-linear), composition fop◦gop = (−1)f¯ g¯(g◦
f)op, and tensor product fop ⊗ gop = (f ⊗ g)op. On a string diagram representing a morphism in
nilHecke(A), Ωl is given by reflecting diagrams in a horizontal line and multiplying by (−1)
kε, where
k is the number of crossings in the diagram. This functor induces isomorphisms of superalgebras
(5.14) ωl : nilHecken(A)→ nilHecken(A)
op, ui 7→ (−1)
εui, xi 7→ xi, a 7→ a.
6. Frobenius polynomial algebras
In this section, we describe how the Frobenius nilHecke algebra acts on the Frobenius polynomial
algebra via Frobenius divided difference operators. This allows us to prove a basis theorem for the
Frobenius nilHecke algebra.
Definition 6.1. We define the Frobenius polynomial category Pol (A) to be the strict monoidal
supercategory with one generating object I and generating morphisms
, a , a ∈ A,
subject to the relations (3.8) and
(6.1) a = (−1)εa¯ a , a ∈ A.
The dot has parity ε and the parity of the token a is the parity of a. For n ∈ N, we define the
Frobenius polynomial algebra
Poln(A) := EndPol (A)(I
⊗n).
Proposition 6.2. As a superalgebra, Poln(A) is isomorphic to the free product of A
⊗n and the
free associative superalgebra on the generators x1, . . . , xn of parity ε, subject to the relations (5.3)
and (5.4).
Proof. This follows from Proposition 2.1. 
The algebra Poln(k) has basis
xk11 x
k2
2 · · · x
kn
n , k1, k2, . . . , kn ∈ N.
We have an isomorphism of k-modules
(6.2) Poln(A) ∼= A
⊗n ⊗ Poln(k),
and the two factors are subalgebras. When ε = 0¯, the algebra Poln(k) = k[x1, . . . , xn] is the usual
polynomial algebra.
The action (3.4) of the symmetric group Sn on A
⊗n extends naturally to an action on Poln(A)
via superalgebra isomorphisms, where
(6.3) si(xj) = xsi(j), 1 ≤ j ≤ n, 1 ≤ i ≤ n− 1.
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We define the Frobenius divided difference operators (or Frobenius Demazure operators) to be
the linear operators ∂i : Poln(A)→ Poln(A), 1 ≤ i ≤ n− 1, defined inductively by
(6.4) ∂i(a) = 0, ∂i(xj) =


(−1)ε+1τi if j = i,
τi if j = i+ 1,
0 otherwise,
for a ∈ A⊗n, and the twisted Leibniz rule
(6.5) ∂i(fg) = ∂i(f)g + si(f)∂i(g), f, g ∈ Poln(A).
Lemma 6.3. If ε = 0¯, then, for 1 ≤ i ≤ n− 1, we have
(6.6) ∂i(ap) = τia
p− si(p)
xi+1 − xi
,
for all a ∈ A⊗n and p ∈ k[x1, . . . , xn]. In particular, if A = k, then ∂i is the usual divided difference
operator.
Proof. For the sake of the proof, let ∂′i denote the operator ∂i of (6.6). It is clear that ∂
′
i(a) = ∂i(a)
for a ∈ A⊗n and ∂′i(xj) = ∂i(xj) for all j. Now, for a,b ∈ A
⊗n and p, q ∈ k[x1, . . . , xn], we have
∂′i(apbq) = ∂
′
i(abpq) = τiab
pq − si(pq)
xi+1 − xi
= τiab
(
p− si(p)
xi+1 − xi
q + si(p)
q − si(q)
xi+1 − xi
)
(3.7)
= ∂′i(ap)bq + si(ap)∂
′
i(bq).
Hence ∂′i also satisfies the twisted Leibniz rule, and hence agrees with ∂i. 
We have natural maps Poln(A) → nilHecken(A) and nilCoxn(k) → nilHecken(A) mapping a ∈
A⊗n, xi, and uj to the elements of nilHecken(A) denoted by the same symbols. Abusing notation,
we will view elements of Poln(A) and nilCoxn(k) as elements of nilHecken(A) via their images under
these natural maps. (It will follow from Theorem 6.4 that these maps are injective, but we do not
use that fact yet.)
Theorem 6.4. The map
(6.7) Poln(A)⊗ nilCoxn(k)→ nilHecken(A), f ⊗ z 7→ fz,
extended by k-linearity, is an isomorphism of k-modules.
Proof. The proof uses standard techniques, and so we only sketch the argument here. Let ψ be the
map (6.7). First, one notes that, using the defining relations of nilHecken(A), elements of Poln(A)
can be moved to the left of elements of nilCoxn(A) modulo terms of lower degree in the xi. This
shows that ψ is surjective.
Next, it is a straightforward, but lengthy, verification to check that nilHecken(A) acts on Poln(A)⊗
nilCoxn(k) by
(6.8) g · (f ⊗ z) = gf ⊗ z, ui · (f ⊗ z) = si(f)⊗ uiz + ∂i(f)⊗ z,
for f, g ∈ Poln(A), z ∈ nilCoxn(k), and 1 ≤ i ≤ n− 1. Then, since
ψ(f ⊗ uw) · (1⊗ 1) = f ⊗ uw, f ∈ Poln(A), w ∈ Sn,
the map ψ is also injective. 
Corollary 6.5. The Frobenius nilHecke algebra nilHecken(A) has basis
axk11 · · · x
kn
n uw, a ∈ B
⊗n
A , k1, . . . , kn ∈ N, w ∈ Sn.
(Recall that BA is a basis of A.)
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In light of Theorem 6.4, we may viewA⊗n, Poln(A), and nilCoxn(A) as subalgebras of nilHecke(A).
Corollary 6.6. In nilHecken(A), we have
uif = si(f)ui + ∂i(f), 1 ≤ i ≤ n− 1, f ∈ Poln(A).
Proof. This follows from (6.8). 
Proposition 6.7. There is an action of nilHecken(A) on Poln(A) given by
(6.9) xi · f = xif, uj · f = ∂j(f), 1 ≤ i ≤ n, 1 ≤ j ≤ n− 1, f ∈ Poln(A).
Proof. This can be proved in two ways. The first is to check directly, via a straightforward compu-
tation, that this action satisfies the defining relations of nilHecken(A). The second is to construct
this action as an induced module. Let triv denote the trivial rank one nilCoxn(k)-module on which
ui acts as zero for all 1 ≤ i ≤ n−1. In then follows from Theorem 6.4 that we have an isomorphism
of k-modules
nilHecken(A)⊗nilCox n(k) triv
∼= Poln(A).
Under this isomorphism, the action (6.8) corresponds precisely to the action (6.9). 
We refer to the action (6.9) as the polynomial representation of nilHecken(A). When A = k, it
corresponds to the well-known action of the nilCoxeter algebra on the polynomial ring k[x1, . . . , xn]
via divided difference operators.
Remark 6.8. The polynomial representation of the usual nilCoxeter algebra nilCoxn(k) is faithful.
However, this is not true for general A. As an example, consider the case where A = k[y]/y2k[y] is
purely even, with trace map given by tr(λ + µy) = µ for λ, µ ∈ k. Then A has basis BA = {1, y}
with dual basis given by 1∨ = y, y∨ = 1. The element (y ⊗ y)u1 ∈ nilHecke2(A) is nonzero by
Theorem 6.4. However, for a ∈ A⊗n and f ∈ k[x1, . . . , xn], we have
(y ⊗ y)u1 · (af) = (y ⊗ y)∂i(af)
(6.6)
= (y ⊗ y)(1⊗ y + y ⊗ 1)a
f − s1(f)
x2 − x1
= 0.
Thus (y ⊗ y)u1 acts as zero.
7. The Clifford case and odd nilHecke algebras
In this section we consider the special case when A = Cl is the rank 2 Clifford superalgebra.
By definition, Cl is the superalgebra generated by a single odd generator c subject to the relation
c2 = 1. It follows that Cl is free with basis BCl = {1, c}. We fix the odd trace map
tr : Cl→ k, tr(1) = 0, tr(c) = 1.
Hence ε = 1¯. It is straightforward to verify that Cl is a symmetric Frobenius superalgebra with this
trace map, with dual basis given by
1∨ = c, c∨ = 1.
Thus, for 1 ≤ i ≤ n− 1, we have
(7.1) τi = ci − ci+1, where ci := 1
⊗(n−i) ⊗ c⊗ 1⊗(i−1) ∈ Cl⊗n.
(Note that Cl is not symmetric under the even trace map 1 7→ 1, c 7→ 0.)
Consider the Clifford nilCoxeter category nilCox (Cl) and the Clifford nilHecke category nilHecke(Cl),
which are the Frobenius nilCoxeter category and the Frobenius nilHecke category, respectively, for
the special choice of A = Cl. We define
:= c .
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Thus, for example, we have
= and = − .
We call nilCoxn(Cl) the Clifford nilCoxeter algebra and we call nilHecken(Cl) the Clifford nilHecke
algebra. The goal of this section is to compare these to the odd nilCoxeter algebra and odd nilHecke
algebra.
Definition 7.1. The odd nilCoxeter category ONC is the strict monoidal supercategory with one
generating object I and one odd generating morphism
,
subject to the relations
(7.2) = 0 , = .
For n ∈ N, the odd nilCoxeter algebra is the superalgebra
ONCn := EndONC (I
⊗n).
Definition 7.2 (cf. [EKL14, §3]). The odd nilHecke category ONH is the strict monoidal supercat-
egory with one generating object I and odd generating morphisms
, ,
subject to the relations (7.2) and
(7.3) + = = + .
For n ∈ N, the odd nilHecke algebra is the superalgebra
ONHn := EndONH (I
⊗n).
The following proposition shows that the above definition of the odd nilHecke algebra agrees
with the definition of [EKL14, §2.2].
Proposition 7.3. As a superalgebra, ONCn is isomorphic to the superalgebra with odd generators
v1, . . . , vn−1, subject to the relations
v2i = 0, 1 ≤ i ≤ n− 1,(7.4)
vivj = −vjvi, |i− j| > 1,(7.5)
vivi+1vi = vi+1vivi+1, 1 ≤ i ≤ n− 2,(7.6)
As a superalgebra, ONHn is isomorphic to the superalgebra with odd generators y1, . . . , yn, v1, . . . , vn−1,
subject to the relations (7.4) to (7.6) and
yiyj = −yjyi, i 6= j,(7.7)
yjvi = −viyj, i /∈ {j, j + 1},(7.8)
viyi+1 + yivi = 1, 1 ≤ i ≤ n− 2,(7.9)
yi+1vi + vixi = 1, 1 ≤ i ≤ n− 2.(7.10)
Let ONC (Cl) be the strict monoidal category obtained from ONC by adjoining an extra odd
morphism
(7.11)
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subject to the relations
(7.12) = , = − , = − .
Let ONH (Cl) be the strict monoidal category obtained from ONH by adjoint one extra odd mor-
phism (7.11) subject to the relations (7.12) and
(7.13) = − .
We have colored the extra generator green (instead of blue) to remind the reader that the relation
involving this generator and the crossing is quite different from the relation involving usual tokens
and the crossing. We also have the green teleporter
:= − .
For n ∈ N, the isomorphisms of Proposition 7.3 extend to isomorphisms of superalgebras
(7.14) EndONC(Cl)(I
⊗n) ∼= ONCn ⊗ Cl
⊗n, EndONH (Cl)(I
⊗n) ∼= ONHn ⊗ Cl
⊗n.
with a green token on the i-th strand mapping to the element ci.
Theorem 7.4. Suppose 2 is invertible in the ground ring k. We have an isomorphism of monoidal
supercategories nilCox (Cl)→ ONC (Cl) given on the generating object by I 7→ I and on the generating
morphisms by
(7.15) 7→ , 7→ .
The inverse is given by
(7.16) 7→ , 7→
1
2
.
This extends to an isomorphism of monoidal supercategories nilHecke(Cl) → ONH (Cl) by defining
it on the dot to be
7→ .
Proof. It is a straightforward exercise to verify that the given maps respect the defining relations
and are mutually inverse. For example, if Ψ is the map (7.15), then we have
Ψ
(
−
)
= −
(7.13)
= +
(7.3)
= = Ψ
( )
,
Ψ
(
−
)
= −
(7.13)
= − −
(7.3)
= − = Ψ
(
(−1)ε
)
. 
Corollary 7.5. Suppose 2 is invertible in the ground ring k. We have an isomorphism of superal-
gebras nilCoxn(Cl)→ ONCn ⊗ Cl
⊗n given by
ci 7→ ci, ui 7→ τivi = (ci − ci+1)vi.
This extends to an isomorphism of superalgebras nilHecken(Cl)→ ONHn ⊗ Cl
⊗n by defining
xi 7→ yi.
In particular, the Clifford nilCoxeter algebra and the odd nilCoxeter algebra are Morita equivalent,
as are the Clifford nilHecke algebra and the odd nilHecke algebra.
Proof. This follows immediately from Theorem 7.4 and the fact that Cl is a simple superalgebra. 
Corollary 7.5 should be viewed as a nil version of the well known fact that the Sergeev algebra is
Morita equivalent to the spin symmetric group algebra, and the fact that the (affine) Hecke–Clifford
algebra is Morita equivalent to the spin (affine) Hecke algebra; see [Wan07, Th. 5.1].
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8. The nonsymmetric case
For simplicity of exposition, we have assumed throughout this paper that the Frobenius super-
algebra A is symmetric. Most of the results also hold without this assumption, provided one makes
the appropriate modifications.
Let A be a Frobenius superalgebra, not necessarily symmetric, with trace map tr of parity ε.
Then A has a Nakayama automorphism ψ : A → A. This is the superalgebra automorphism of A
uniquely determined by the condition
(8.1) tr(ab) = (−1)a¯b¯ tr(bψ(a)), a, b ∈ A.
The Frobenius superalgebra A is symmetric if ψ = id.
Define the teleporters
(8.2) =
∑
b∈BA
(−1)εb¯ b b∨ and =
∑
b∈BA
(−1)εb¯ b∨
b .
(When ψ = id, these are related by a sign; see (3.11).) Then we have
a
= (−1)εa¯
a
,
ψ(a)
= (−1)εa¯
a
,(8.3)
a
= (−1)εa¯
a
,
a
= (−1)εa¯
ψ(a)
.(8.4)
We should then modify the relations (5.1) in the definition of nilHecke(A) to be
(8.5) − = , − = , a = (−1)εa¯ ψ(a) , a ∈ A.
One then needs to carefully carry the Nakayama automorphism through all the constructions in the
paper.
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